We investigate the moir6 fringe pattern of two concentric-circle gratings with the aim of measuring the relative two-dimensional planar displacement induced between the gratings. In the first stage we give a comprehensive mathematical approach for the analysis of fringe patterns. Then we suggest a fast computational measurement algorithm that uses a Fourier transformation technique. Finally, our experimental results prove that a measuring accuracy of 0.01 pLmca n be achieved with this method.
Introduction
In principle, a pair of optical gratings of fine periodic or quasi-periodic grids produces moir6 fringes of a high visibility when they are seen overlapped. This moir6 phenomenon has found many applications in the field of optical metrology, especially for the precision measurement of one-or two-dimensional relative displacements. For one-dimensional applications, the parallel straight-striped type of grating' has been popular because of its simplicity of manufacture and fringe analysis, and because the linear zone plate2 3 may provide more accurate results within a limited measuring range. Recently, with increasing demands for the precision alignment between the pattern master and wafer for integrated-circuit fabrication, much attention2-5 has been devoted to the two-dimensional measurement of planar displacements. As a result, various grid patterns of concentriccircle,5 radial,' skewed-radial, evolute,7 and Fresnel zone plate8' 9 types have been investigated. In this study we investigate the moir6 fringe pattern of two concentric-circle gratings, with special emphasis on establishing a high-speed alignment technique of the relative two-dimensional planar displacement induced between the gratings. A comprehensive mathematical analysis of the fringe pattern is performed in the first stage, and then a fast computational measurement algorithm is suggested in which the displacement can be extracted through the use of a Fourier transformation technique. Finally, experimental results prove that a measuring accuracy of 0.01 jim can be achieved with this method.
Fringe Analysis
For convenience, the two concentric-circle gratings are designated G1 and G2, as illustrated in Fig. 1 . G1 and G2 are of the same diameter 2R, but G1 has N circles on it whereas G2 has (N -1) circles. Let the transmittance of grating G1 be assumed sinusoidal and expressed in terms of (r, 0) polar coordinates as Similarly, the transmittance of grating G2 may also be written as in which r, represents the distance measured from the center of grating G2. As depicted in Fig. 2 , the two-dimensional displacement of grating G2 with respect to grating G1 may be defined by its eccentricity magnitude e and direction 4. Then by applying trigonometric rules we may express r, as
The eccentricity magnitude may be assumed small enough that its squared term in Eq. (4) can be neglected, i.e., Now gratings G1 and G2 overlap and are illuminated by a parallel beam of light with a mean intensity of Io. Then the overall transmitted intensity distribution is determined by By substituting Eqs. (1) and (2) and relation (5) into Eq. (6) and by introducing two normalized parameters r(-r/R) and e(-e/R), we work out the intensity I(r, 0) of Eq. (6) in five separate harmonic terms as
The first term on the right-hand side of Eq. (7), Io/4, is the mean intensity. The second and third terms reflect the individual effects of original gratings G1 and G2, respectively. Optical interferences that occur between G1 and G2 appear in the fourth and fifth terms; the former represents the summing interference that has the radial frequency of(2N -1), whereas the latter is the differential interference whose frequency equals unity, i.e., the difference between the frequencies of G1 and G2. Moir6 fringes are in fact modulated to this lowest-frequency component and can be extracted in the normalized form of Figure 3 illustrates some representative fringe patterns with different magnitudes of eccentricity. The darkest centers of the moir6 fringes can be traced by the following condition:
Its solution is then obtained as
The integer m is defined as the fringe order as illustrated in Fig. 3 . When the two gratings are perfectly aligned, i.e., E = 0, only the zeroth-order fringe of a large concentric-circle shape (r = 1/2) is observed. As E increases, the zeroth-order fringe becomes deformed and the higher-order fringes appear in complex manners. However, the fringes are always symmetrical to the axis of 0 = 4, regardless of their orders.
Measurement Algorithm
The optical design for obtaining actual moir6 fringes from two concentric-circle gratings is shown in Fig. 4 . Grating G1 is attached to the moving object while grating G2 is fixed on a stationary frame. Gratings G1 and G2 are made of quartz glass on which concentric circles are patterned with a thin-film chrome layer through the use of a YAG laser lithography process. Grating G1 has 100 concentric circles of 6 jim pitch, and grating G2 has 99 concentric circles of 24-jim pitch. We overlap gratings G1 and G2 to generate moir6 fringes by imaging optics, i.e., the image of GI is magnified with an objective lens (x4) and then formed right on the plane of G2. This optical overlapping avoids mechanical contacts and undesirable diffraction effects by keeping a sufficient distance between the gratings during measurement. The whole pattern of moir6 fringes is then captured by a high-speed 512 x 512 CCD camera. Figure 5 shows the actual size of grating G1, and The integer m represents the fringe order that was determined in Eq. (9) . Mathematically, the integer m is decided so that should be continuous all along 0(0 < 0 < 27r) with the zero mean. Figure 7 shows exemplary wrapped and unwrapped radial phases obtained for a given fringe pattern.
Once the unwrapped phase of is obtained, the eccentricity magnitude E and direction 4) of the planar displacement of grating G can be determined.
Equation (12) shows that the distribution of along the direction is single-harmonic sinusoidal with a oscillation peak of and a phase delay of , as illustrated in Fig. 8 . Therefore, we can finally compute and E by adopting a Fourier series transforWe may reconstruct pure moir6 fringes by substituting the measured and in to Eq. (8), as illustrated in Fig. 9 . We can see that spurious fringes that appear in the raw intensity pattern of Fig. 7 (a) are completely removed as a result of two consecutive Fourier series transformations of Eqs. (13) and (15). This singleharmonic filtering effect of the measurement algorithm suppresses other noises arising from any local pattern defects in optical gratings G, and G2 In addition, minor distortions of moir6 fringes produced by the axial and tilt motions between the gratings are also removed, and no significant cross-talk effects are seen. Figure 10 shows the calibration table we used to evaluate the measuring accuracy of the prototype built in this study. The table is constrained by pairs of leaf springs so that it moves only in a designated translatory direction. A piezoelectric actuator pushes the table under the control of a microcomputer, and its actual movement is measured by a He-Ne heterodyne laser interferometer with a resolution of 0.0025 . For calibration, grating G1 is placed on the table as indicated, and the measurement output from the prototype is compared with that of the laser interferometer. In Figure 11 the values of eccentricity magnitude measured by the prototype are plotted against the nominal position of the table taken from the laser interferometer. The result shows a measuring linearity of 0.075% over the full calibration length of 15 . Deviation errors are displayed in Fig. 12 , in which a
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uncertainty dispersion is approximately 0.01 p m. Finally, the measurement repeatability of the prototype is given in Fig. 13 ; it turns out to be approximately ± 0.005 over 400 consecutive sampling measurements.
Conclusion
We have investigated the moir6 fringe pattern generated by two concentric-circle gratings to measure the relative two-dimensional planar displacement induced between the gratings. A fast computational algorithm has been derived for the measurement based on a Fourier transformation of the fringe pattern. Finally, experimental results demonstrate that this method can achieve a measuring accuracy of 0.01 without significant disturbances of electromagnetic noises. Address any correspondence to S.-W. Kim.
